Closed and logical relations for
over- and -approximation of
powersets

David Schmidt

Kansas State University
and Ecole Polytechnique

www.cis.ksu.edu/ "schmidt



Motivation




Dennis Dams’s mixed transition systems

1
> ={co, 1,2} Coﬁ i >
R:{(CO>C1)>(CO>CZ)>(C1>CZ)} \/CZ

Approximating the states: Note: 1 and T omitted for brevity.
oicof = ap, ofci; = an = ofca = afcq, caf

Over-approximation transitions (“may” . 4d) for safety properties:
X ={ap, a2} [
R ={(ao, a12), (@12, a12)} a0 - ---- = al2

Under-approximation transitions (“must” : Vd) for liveness
properties:

X ={ap, a2}

R” ={(ap, ar2)} 20 - ale

A mixed transition system is («X, R”, R¥).



Note that the Vd-definition of under-approximation is not the only
candidate:

cl
2 = {C()) Ct, Cz} Coﬁ >

R:{(C())C]))(C])CZ)} c2
State abstraction:

odcof = ap, afc1} = a2 = dca} = fcy, c2}

The dd-over-approximation remains the same: a0 ----- = a12
Under-approximation transitions (V3):

X ={ap, a2}

R” ={(ap, a12)} 20 ale

Under-approximation transitions (YV):

xX ={ap, a2}
RI) _ {} a0 al?



N

/_ﬂ cl I\ )
a0----- > al?
c0 > a0 al2

\/CZ

From Galois connection, P(C)(«,v)A, Dams defines this simulation
relation: cpaiffc € y(a). For R C C x C, he defines

aRfa’ iff a’ € {a(Y)| Y € min{S’ | RFF(y(a),S")}}
aR’a’ iff a’ € {x(Y) | Y € min{S’ | R"F(y(a),S")}}

and he proves R <1, Rf : RY p-simulates R
R” <,1 R: R is p-simulated by R
This gives him soundness for O (VR) and < (dR): If
a = O¢ iff for all a’, aRfa’ implies a’ = ¢
a = O iff there exists a’ such that aR’a’ and a’ E ¢
then,aE=dandcpaimply c = ¢.

And with lots of hard work, he proves “best precision”. Of all the p-,
o~ '-simulations of R, R* and R” preserve the most O<-properties.



Can we prove the over- and under-approximation
results directly from Galois-connection theory?

Yes—wetreatRC Cx CasR:C — P(C).
Then, R : A — PLA, where P, is a lower powerset (C) constructor.

We “lift” the Galois connection, P(C){x,y)A, on the states to a
higher-order Galois connection on transition relations:

/ /A A
<o that C - PC(«/,y)A — P

1. R<, RFiffRoy’/ Ey/oRE
2. soundness of a = ¢ follows from 1.

3. R

!
best_oC OROY

And we do similar but harder work for R” : A — P A, where Py is an
upper powerset (2) constructor.

And there are interesting choices for o/, v/, PC, Pr, and Py....



Let R : A — PLA.
How do we concretize aset I € PLA?

Given Galois connection, P(C){(x,y)A+, say cpraiffc € y(a) :
c Is approximated by a .

Choice 1: letS e P(C)and T € P A:

P(C) p C.a. =T
AT - - P (A)
S=Cc.o ) o< L

S is over-approximated by T iff for every c € S, there exists some
a € T such that c Is approximated by a:

Spp (r) T Iff for every c € S, there exists a € T such that cpa

Then, .
Yp<(T) =U{S[Spp T} ={c|existsa e T,cpral

When p: C C x C equals C, then pp, - Is half of the Egli-Milner ordering and freely

generates the lower (“Hoare”) powerdomain.



Choice 2: The concrete domain might be P (P(C)) : sets of sets of
states. Intuition: if abstract state a € A concretizes to a set of states, y(a) C C,
then set T € PL A~ should concretize to a set of sets.

We have this relationship:

Thatis, S € PL(P(C)) is over-approximated by T € Py A, if for every
setS e g, S PP (1) T.

This makes Y5, <(T) ={S|Spp T}

This definition is the “same” as the one on the previous slide in the
sense that {Jvp,«(T) = v, «(T).

Either can be used to define a sound and best R : A — P A-..



But we define the under-approximation, R’ : A — Py A with Choice 2,
mapping sets T € Py A to sets of sets in P (PyC):

That is, S is approximated by T iff for every set S € S, S is
under-approximated by T, written as S pp (1) I, Where

Spp, ) T iff forevery a € T, there exists some c € S such that c p; a.

This makes ’Y75UAT(T) _ {S | S 0Py T}
which has a different significance than yp . (T) = Jvp a.(T)"
Choice 2 gives us a useful, sound R” : A — PyA.

When p: C C x C is C«, then pp < IS the other half of the Egli-Milner ordering and

freely generates the upper (“Smyth”) powerdomain.



Example: Let Nat be the set of natural numbers and let complete
lattice Polarity = {none, even, odd, any}.

Define p : Nat x Polarity in the obvious way: 2 peven, 2p any,
3 podd, etc.

We define a Galois connection on P(Nat) and Polarity and lift it:
v : PyPolarity — P (P(Nat)°P)

v{} = all subsets of nats

P, Polarity
> 'l
v{any} = nonempty subsets of nats {6}”>/}
D /{eVEn,o%any}

even,an odd,an
v{even, odd, any} = all sets with { yh A y}

1+ even and 1+ odd DO {none,even,odd,any}

vi{even, any} = all sets with 1+ even

D)

Y Tnone = empty set



Our results from reworking Dams’s constructions

1. Starting from approximation relations, p C C x A, we generate
Galois connections from such U-GLB-L-LUB-closed relations cf.
[Mycroft-Jones 86, Cousot-Cousot JLC 92].

2. We define lower and upper powerset constructions, weaker forms
of powerdomain but strong enough for abstraction studies. The

former are the join completions of [Cousot-Cousot ICCL 94].

3. We use the powerset types in a family of logical relations, show
how the family preserves the closure properties in 1., and prove
that a simulation proof is an instance of proof via logical relations.
We obtain Dams’s most-precise simulation results “for free.” we

compare to earlier attempts by [Loiseaux, et al. 95, Backhouse-Backhouse 98].

4. We extract validation and refutation logics from the logical
relations, state their resemblance to Hennessy-Milner logic (and
description logic), and obtain easy proofs of soundness.



Closed relations




Closed relations and Galoils connections

Let C and A be complete lattices, and let p C C x A.
c p a means that c is modelled/approximated by a
Definition: Forallc,c’ € C,a,a’ e A,forpCCx A, pis
1. U-closediffcpa,a C a’implycpa’
2. GLB-closed iffcp M{a|cpa}
3. L-closediffcpa,c’Ccimplyc’pa
4, LUB-closed iff L{c | cpa}lpa
C A

V| s P
|_|{CIC “——{a’lcpa’}

Origins: Hartmanis and Stearns 1964 (pair algebras); Mycroft-Jones 1986
(LU-closure); Cousot-Cousot JLC 1992; Backhouse-Backhouse 1998



C

A
— P
[ [{ec |C_“{a’lc pa'}

Proposition: For L-U-LUB-GLB-closed p C C x A, C{xp,vp)A IS a
Galois connection, where

¢ xp(c)=Talcpaj

¢ vola)=U{c|cpa}

Intuition: U-closed makes vy, mono; L-closed makes «, mono;
GLB-closed ensures «, selects the most precise sound answer;
LUB-closed ensures v, selects the most general sound answer.

Note that cp a iff c Cc ypa iff xpc Ca a. Backhouse: pis a pair algebra.

Proposition: For Galois connection, C(«,v)A, define p,, C C x A
as {(c,a) | «c C a}. Then,

Pory IS L-U-LUB-GLB-closed and (o, Ypuy,) = (%, Y)-



“Completing” U-GLB-closed p C C x A Into a
Galois connection between P(C) and A

Here is a standard technique: Let C be a (discretely ordered) set and
let A be a complete lattice.

If p C C x A'is U-GLB-closed, then P(C)(x;,vp)A IS a
Galois connection, where

¢ vola)={clcpaj

¢ o5(S) =m{a|S Cvypa}
Note that c p a iff c € ysa iff apic) C a.
The proof comes from this construction, which “completes” p to p:
ForpC Cx A,definepCP(C)x AasSpaliffforallce S, cpa.

Lemma: If pis U-GLB-closed, then p is L-U-GLB-LUB-closed, and
vpa=L{S|Spa}={c|cpa}. because Cpc)=C and Up(c) = U.



Example: Let Int be the discretely ordered set of integers:

p C Int x Sign P(Int) Sign

all

—npmneg p‘ SN
~Tneg zero/pos

0 pzero \n(|me

+nppos

npall

p Is U-GLB-(and trivially, L-)closed but not LUB-closed, so itis
completed to p C P(Int) x Sign, giving us a Galois connection,

P(Int)(op,vp)Sign.



Powersets




Powersets

When D is a partially ordered, we have choices for the “powerset” of
D, but we should build a complete lattice with singleton and union
operations: (E,Cg,{-}:D - E,0:E X E — E).

Down-set (order-ideal) completion [Cousot-Cousot ICCL94]: For
deD,SCD,define |/d={eeD|eC d}jand |[S=U{]d|d e S}

Define P|D = ({|S |S € D}, C, |,U) — all down-closed subsets of D
Join completion [Cousot-Cousot ICCL94] — sublattices of P, D:

(M, C, |, LUr), where M C{|S|S C D}is a Moore family (closed
under N). (Note that ({|d | d € D}, C, |, | olip) is isomorphic to D.)

For every monotone f: D — L, we define ext(f) : P|D — L as
ext(f)(S) = Ugesf(d).

Join completions “add new joins to D”: For P(C){e,y)A, we build P(C){x,¥)PLA,
where PLA is a join completion, ¥ = ext(y), and y[A] C y[PLA].



Here is Sign and its order-ideal completion:

Sign
all |
PN P¢(S|gn) ¢a||
neg zero poOsS
| /p {neg,zero,pos,none
none ////

{neg,zero,none} {neg,pos,none} {zero,pos,none}

o

{neg,none} {zero,none} {pos,none}

~ |

{none}



There is a dual construction:

Up-set (filter) completion: For d € D and S C D, define
Td={eeD|dCeland [S=U{Td | d € S}.

Define P+D = ({1S |S € D}, 2, T,U) — all up-closed subsets of D

For every monotone f: D — L, define ezt(f) : PtD — L as
ext(f)(S) = Maest(d).

As noted in [Cousot-Cousot ICCL94], there Is no obvious application of P;D to
enriching A: Given P(C){(e,v)A, we build P(C)(x,y)PrA, where y = ext(y) and we
see that y[A] = y[P;A] — no “new meets” are added to A.

Fortunately, we have another use for P;D.



Lower powerdomains via Hennessy-Plotkin

Definition: For complete lattice, D, A powerset of D is
PD=(E,Cg,{-[:D—>E,W:E X E — E), such that

¢ (E,Cg) is a complete lattice
¢ {- [} is monotone
¢ W is monotone, absorptive, commutative, and associative

¢ For every monotone f: D — L, there is a monotone
ext(f) : PD — L such that ezt(f){d| = f(d), forall d € D.

For powerset PD, d € D and S € PD, define deS iff {djwS = S.
Definition: Powerset Pi1D = (E,C¢,{ - [},w) is a

¢ lower powerset iff (( for all x€Sq, there exists yeS, such that
x Cry ) implies §1 Cg Sy).

¢ strongly lower powerset iff implies is replaced by iff.



Proposition: For a lower powerset, P; D, we have that W = LI iff P D
IS strongly lower.

Every join completion is a strongly lower powerset, and every strongly
lower powerset, P; D, is order-isomorphic to its trivial join-completion,

{IlpS|SePLD}C, lpof- I, lp olp).
For a join completion, deS iff d € S.

Definition: A strongly lower powerset, P D, is a lower powerdomain
Iff for every monotone f : D — L, where L is itself a strongly lower
powerset, ext(f) : PLD — L preserves unions (binary joins):

ext(f)(S Wp, p S’) = ext(f)(S) W ext(f)(S').

When ezxt(f) is unigue, then the powerdomain is initial.

Lower powerdomains are stronger than what we will need, but a lower powerdomain
P1D has the precision expected of a “all subsets of D” construction. For example, if

we defineezt(f)(S) = Lzz5f(d), then union-preservation is implied by d€S LI S iff
dEeS or dES’.



Upper powersets

As [Plotkin Pisa] notes, the definitions of upper powerset and strongly
upper powerset coincide, so

Definition: Powerset PyD = (E,Cg,{: [}, W) is an upper powerset iff
(S1 Cg S, iff for all yeS,, there exists x€S; such that x T y ).

P;D Is an upper powerset.
Proposition: For an upper powerset, & = 1.

Definition: An upper powerset, Py D, is an upper powerdomain iff for
every monotone f: D — L, where L is itself an upper powerset,

ext(f) : PuD — L preserves unions:

ext(f)(S Wp, p S') = ext(f)(S) W ext(f)(S’).

For example, if we defineext(f)(S) = Maesf(d), then union-preservation is implied

by déSM S’ iff dES or dES’.



Logical relations




Logical relations

We now attach typings to the relations. Given this grammar of types,
T=b|T 21T | Pt|Put|~=
We will see that pz C P(C) x A comes from p; CTC x A

let A+ be a complete lattice of the appropriate form (e.g., A, 1, IS a
domain of monotone functions, Ap . IS an upper powerset, etc.)

We define this family of logical relations, p € C; x A+:

Pp IS given

f P, 51, i iff for all c Cr,,a € Ar,,cpr, aimplies f(c) pr, fi(a)
S pp, . T iff for all c€S, there exists a€T such that c p a

S pp+ I iff for all a€T, there exists c€S such that c pr a

Spzaliffforallc € S,cpra

and use it to generate Galois connections inductively.



Simulation relations are just logical relations

Binary relations are the key component in simulation proofs:
For p C C x A, transition relations, R C C x C, R C A x A,

Definition: R* simulates R (or, R overapproximates R), written
R <, RY, iffforall c,c’ € C,a € A,

cpaand cRc’ imply there exists a’ € A such that aRfa’ and ¢’ pa’.

Say that we represent R and R* as multi-functions, R : C — P; C and
RE:A — PLA:

Theorem: R <, RY iff R Pb—P b R, The proof assumes that R and R!
behave monotonically, which is not a restriction, given that C is typically discretely

ordered and R* must be monotone to be computed with the standard techniques.

The dual simulation, R’ <p-1 R, is characterized as R py—pyp R". (R’
underapproximates R.)



The results that follow

1. Every (U-GLB-...-closed) family of logical relations, pr C C; x A,
Inductively lift to a family of Galois connections whose targets are
A~+. Specifically, simulation is an instance of an “inductively
defined” Galois connection.

2. Dams’s best simulations coincide with the best abstract transition
functions defined by the Galois connections.

3. The family of logical relations define a validation logic, such that
a =r d and a prcimply ¢ = ¢, as well as a dual refutation logic
(explained later). Thus, description logic and Hennessy-Milner
logic are instances of the validation logic.



Related results from [Loiseaux, et al. 95]

For sets Cand A and p C C x A, P(C){post[p], pielp])P(A) is a
Galois connection.

Note that pre[p] = AT.{c | c.p C T}is p “reduced” to an underapproximation function.

post[p] =AS.{a | existsc € S,cpa}. A’s partial ordering, if any, is forgotten.

ForRC C x C, Rf C A x A, simulation is equivalently defined
R is p-simulated by R¥iff R~ - p C p - (R¥)~

Treating R~! and (R")~! as functions, define soundness as

(R")~1 is a sound overapproximation for R~ with respect to vy iff
pre[Rl oy Cpaj—p(c) Y o pre[RY]

For p, R, R¥, Loiseaux, et al. prove
¢ Ris p-simulated by R¥ iff (R")~! is sound for R~ w.r.t. pFelp].
¢ andso, a = ¢ € ACTL implies c &= ¢, for cp a.



Base types, b: manufacturing pp, € C x A

When starting from a (discretely ordered) set C, of type b, and a
complete lattice A, it is highly unlikely that p, C C x A is LUB-closed
(because C has no lubs for distinct elements).

LUB-closure means that each a € A has a best concretization in C. To have this, we

usually must “complete” C.

Complete the relation to pg € P(C) x A, giving P(C){cxp-, Yoz )A,
where, for c € Cand a € A, cpyp a iff ap-{c} C a.

Even when C is a complete lattice, it is difficult to define a LUB-closedp, C C x A
(generally, c pp a and ¢’ pp a do not imply ¢ Ui ¢’ pp a). For example, C = Nat |,

A ={even,odd, L, T}, 2peven and 4 peven, but =(T peven).



Preview of closure properties on relations of
compound type

fpr, =1, % iff for all ¢ € Cr,,a € Axg,,cpr, aimplies f(c) p-, f*la)
S pp, ~ T iff for all c€S, there exists acT such that c pr a
S pp < T iff for all a€T, there exists c€S such that c pr a

Spzaiffforallc e S, cp-ra

For pr € C x A and for Fit] € {t" — T, P.t, Put, T},
If pr Is L-closed, then so Is pgy.

If pr Is U-closed, then so IS pgy.

If pr Is U-GLB-closed, then so are p./_, pz, and pp, .

If pr IS L-LUB-closed, then so are p./_,r and pp .



Relation to [Backhouse? 1998]

A relational formulation of [Hartmanis and Stearns 1964] and [Abramsky 1990]:
p CCxAlsapairalgebraiffexistx: C - Aandy: A — Cs.t.

{(c,a)[ac Ep al =p ={(c,a)|cCc vaj

For the category, C, of partially ordered sets (objects) and binary
relations (morphisms), if an endofunctor, o : C = C, Is also

1. monotonic: for relations, R,S C C x C’/, R C S implies oR C oS

2. invertible: for all relations, R € C x C’, (cR)™! = ¢(R™1),

then o maps pair algebras to pair algebras, that is, o is a unary type
constructor that “lifts” a Galois connection between C and A to one

between oC and cA.

The result generalizes to n-ary functors and applies to the standard
functors, T x T, T — T, List(T), etc.

But the result does not apply to Prt nor Pyt — invertibility (2) fails.



Function spaces: from p., € C; x A; and
pr, € C2 X Az 10 pr,r, € (C1 — C2) X (A1 — Ayp)

For abstract complete lattices, A; and A,, let Let A; — A, denote the
complete lattice of monotone (not necessarily Scott-continuous)
functions with the usual pointwise ordering.

Let pr, € Cr, X A, 1€ 1.2, be U-GLB-L-LUB-closed. Recall that
f e, e, fhiffforall c € Ce,,a € A, cpr, aimplies f(c) pr, ff(a).
Proposition: For f: C¢, — Cq,, f': Ay, = Aq,
fpry o, T iff 0o 0 f Eaysn, THo o,

fjjbes’c(a) — Kpo, © f °Yor = ﬂ{a, | f(Lc | c P, a}) P, a,}
We can generate higher-order Galois connections of form

C1 — Cz(OL,Y>A1 — Az and PL(C1 — Cz)<oc¢,yd’)A1 — Az

from pr, -+, and pr, =+,, respectively. See [Cousot-Cousot-ICCL94].



Completed sets: from p. C C x Ato p: C P Cx A

We have p. C C x A. Recall, for join completion P; C and
pr CPLCx A, that Spraiffforallc € S,cpra.

Proposition: pz Is U-closed when p+ Is; it is GLB-closed when p+ Is
U-GLB-closed; and it is L-closed when p- Is.

When p. C C x A is U-GLB-L-closed, then p: C P, C x A is
U-GLB-L-LUB-closed.

Sometimes LUB-closure of p: comes from a weaker join completion:

Proposition: Forae A,let L, ={Se€ PiC|Spzal. If (i) pris
L-LUB-closed, and (ii) for all ¢ € LILg, there is some S, C UL, such
that ¢ = LS, then pz Is LUB-closed.

Item (ii) says that every element, c € LIL, iS a join of elements that are related to a.

By L-LUB closure of p., we get c pr a. This idea reappears for lower powersets.



Lower powersets: from p. C C x A to

Let PC be a powerset for C and let P A be a strongly lower powerset
for A. Let p: C C x A.

Recall, for S € PC, T € PLA, that S pp, . T iff for all c€S, there exists
acT such that c pr a. — Every c€S is approximated by some a€&T.

Proposition: pp, ¢ IS U-closed if p- Is; it is GLB-closed if p Is; it IS
L-closed if PC Is a strongly lower powerset.

Proposition: For all C and A, pp « € P, C x PLA Is L-LUB-closed.

because LI = U.

So, we can always begin play with a U-GLB closed py, € C x A and lift
it to U-GLB-L-LUB-closed pp, 1, € P|C x PLA.



LUB-closure of pp,  is not guaranteed from p., but we have
Proposition: Forall T € PLA, let L+ ={S € PC|Spp . T} If
1. p.iIs L-LUB-closed

2. for all c€ L L, there exists a€T such that ¢ = US,, where
Sa C{c’'eS e Ly |c praj

then pp, - Is LUB-closed.

ltem 2 says that every element, c€ LI L, is a join of elements that are related to
some a€T. By L-LUB closure of p., we get ¢ p- a. This property is fulfilled, for

example, by the Scott-closed-set lower powerdomain construction.



Dams’s results




Synthesizing a most-precise simulation

In his thesis, Dams proves, for Galois connection P(C){(«,y)A and
transition relation R C C x C, that the most precise, sound abstract
transition relation R C A x A'is

R(a,a’) iff a’ € {x(Y)|Y € min{S’ | R*3(y(a),S")}}
Recoded as a function and simplified, this reads
R(a) ={a(s") | 3s € v(a),s’ € R(s)}

Our machinery gives us the same result: Given U-GLB-closed

pp € C x A and transition function R: C — P(C), we generate pg_,p
and synthesize the most precise, sound abstract transition function,
R": A — PLA, such that extg(R) pg_p, , RY:

Rf(a) = (et 0eaty(R)oVps ) (@) = Uf{opg s/}l | 3s € vpy (a),s” € R(s)}



Upper powersets: from p. C C x A to
pPuT g PUC X PUA

Let PC be a powerset and Py A be an upper powerset, for C and A,
respectively. Let pr C C x A. Recall, for SEPC, TEPYA, that Spp T
iff for all a€T, there exists c€S such that c p; a.

Proposition: pp IS U-closed when p. is; it is LUB-closed when p.
IS; it Is L-closed when PC is an upper powerset.

Proposition: For all S € PC, let Gs ={T € PuA | Spp < T} If
1. prIs U-GLB-closed

2. for all a€ Mp A Gs, there exists ceS such that a =M T, where
Te C{a’eT € Gs|cpra’}

then pp IS GLB-closed.

Let upper powerset PtA = ({TD |D C A}, D, T,U). Then
ppytr € PC x PyA Is GLB-closed. because n=u.



Overapproximating underapproximated sets

There is a good use for pp .: defining an overapproximation analysis
of underapproximations.

Consider pp . C P (PuC) x PuA,; it says that S pp, ¢ | Iff fOr each set
S €S, Spp, T, thatis, T underapproximates each S € S:

We can readily construct pp .

1. define a U-GLB-closed p; C C x A;
2. liftitto a U-L-GLB-closed pp « € PuC x PrA;

3. complete it to a U-GLB-L-LUB-closed pp . C P (PuC) x PrA.



The resulting Galois connection is
op S=MT € PrA | forall S € S,S ppy - T}
YpﬁuTT ={S|S PPy~ T}

Example: We complete p : Nat x Polarity = {none, even, odd, any}
and obtain y : PrPolarity — P|(P(Nat)°P):

— all subsets of nats .
i PTPoIarlty

. 0
v{any} = nonempty subsets of nats {any}
2 /{ev;n,o%any}
y{even, odd, any} = all sets with _ } eV;\” /TOdd
none

1+ even and 1+ odd DO /

v Teven = all sets with 1+ even
D

Y Tnone = empty set



Synthesizing a most-precise dual simulation

Dams proves, for Galois connection P(C){«x,y)A and R C C x C, that
the best underapproximating relation R C A x A is

R(a,a’)iffa’ € {x(Y)]|Y € min{S’ | R (y(a), S")}}
Recoded as a function and simplified, this reads
R(a) ={«(Y)|Y € min{S’ |forall s € y(a),R(s) NS’ £ {}}}
Our machinery gives us the same result:

Given U-GLB-closed py, C C x A and transition function R: C — P(C),
we generate pg_,5,, € (P(C) = P(P(C)°P)) x (A — PrA).

We generate this most precise, sound underapproximating abstract
transition function, R : A — P;A:

R'(a) = (xps , © ext({ -} o RP) oypg)(a)

Pu



where {| - [ o R : C —= PP(C)°Pis ({ - | o R°P?)(c) =TR(c) = R(c),

and ext({ - | o R%) : P(C) — P (P(C)°P) is

ext({ -} o R%P)(S) =|p(cyor (R(c) |c € S} ={S D R(c) | c €S}

and ocpﬁub(g) =THT |forall S € S,S pp,b T}

That is, ext({ - } o R°?) maps a set of arguments to the set of sets of answers, and

Xpp b produces the smallest abstract set that underapproximates every answer set

R(c), for c € vy, (a). We take into account that A is partially ordered.

Simplifi ed,
R’(a) =M{T € P;A |forall a’ € T,forall s € vy, (a),R(s) Nyp, (a’) #{}}

IS provably equal to Dams’s defi nition:
R(a) ={x(Y)|Y € min{S’ |forall s € y(a),R(s) NS’ A {} }}

We can show that R(a) belongs to and is C all elements in the former set.



Every answer set is kept distinct and each set’s elements are
underapproximated:

Dual simulation lifts to sets of arguments:

R <11 Riff R ppyp o R iff ezt ({ - | o ROP) pg_p, 1, R’



Validation and refutation logics




A logic generated from the logical relations

We define this language of assertions,

¢ z=pp | f.p VD |

and this semantics of typed judgements for both concrete domains,
C., and abstract domains, A-:

d
d
S
S

—p Pp IS given, for d € Dy,
=1, 1, T.¢Iff(d) =, ¢, ford € D+, ,f € Dy, 1,
—p + V¢ if for all deS,d =1 ¢, for S € Dp, +

—p,r J¢ if there exists deS such that d =1 ¢, for S € Dp +

For abstract values, the typed judgement for T reads

abEzdifalr ¢, forae A..

but for concrete values, it must read

SEzsdifckEr ¢, forallc eSS, S e PrCr (ajoin completion)



Some “syntactic sugar”:
d = VR (thatis, d = O¢) abbreviates d =+, yp,+, RV
d = JR¢ (d = <) abbreviates d =+, yp 1, R 3D

This reveals that the logic extracted from the logical relations is a
variant of Hennessy-Milner or description logic.



T:=b|Ti—=T|Pit|Putl|T

Assume, for all function symbols, f, typed t; — 12, there are
interpretations f: C;, — C,, and f#: A, — A.,, such that

f P, 51, fi. Also, we formalize when judgements a =, ¢ are well
formed — see the typings on a € A+ in the definitions ofl=< ¢

Definition: = ¢ is py-sound iff for allc € C,, a € A4,
a = ¢ is well formed, holds true, and c p; a Imply ¢ = ¢.
Assume that all =, p are pyp-sound.

For all types, T, we have that =, ¢ are p,-sound.

We can add the logical connectives,

d#rcd)]/\d)zifd):rrdh anddl:rcl)z
d#rrdh\/d)zifd):frdh Ordlzfccl)z

and prove these p.-sound.



Validating —¢ requires a refutation logic

Define ¢ =r —~¢ iff ¢ Fr ¢

We have a logic that validates ¢ for ¢ € C by validating it for a € A, so
we might have also a logic that refutes properties similarly:

Read a =7° ¢ as “it is not possible that any value modelled by a has property ¢.”

ﬁpos

aF.  7plsgiven, fora e Ay

:}ﬁo_sm f.dif fla) =7, &, fora e A, f € Ag, o,
=pox VO if exists a€T,a =" ¢, for T € Ap«
=2°" 3¢ if for all a€T,a = ¢, for T € Ap,

a =S o ifa =LY ¢, fora e Aq

— = 0

Definition: =" ¢ is pr-sound iffforallc € C;,, a € Ar,, a =" ¢ is
well formed, holds, and c pr a imply ¢ £ ¢

Theorem: All =X ¢ are p.-sound.



The case for =2°° ¢ shows significant loss of precision: a =27°° ¢ and S pz a imply
forall c € S, that ¢ = ¢, whereas we need only show that there exists some ¢ € S,
such that c="""" _¢.

Corollary: a l=r —¢ if a =L ¢ is sound for p..

—PoS

abE=:  —¢if al= ¢ is sound for p.

—pos

In the refutation logic, =:°° ¢, the roles of Pt and Pyt are exchanged. This, as
well as the need to validate a mix of ¥ and 3, means we must employ R* and R’ to

validate/refute assertions — this is the idea behind mixed/modal transition systems.

The Sagiv-Reps-Wilhelm TVLA system simultaneously calculates validation and

refutation logics.

We might approximate every concrete set by a pair of lower and upper
approximations: ppr C PC x (PLA x PuA). This motivates sandwich- and
mixed-powerdomains for over-under-approximation of sets

[Huth-Jagadeesan-Schmidt].
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